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Abstract
A chiral superfield strength in N = 2 conformal supergravity at linearized level is ob-
tained by acting two superspace derivatives on N = 4 chiral superfield strength which can be
described in terms of N = 4 twistor superfields. By decomposing SU(4)R representation of
N = 4 twistor superfields into the SU(2)R representation with an invariant U(1)R charge, the
surviving N = 2 twistor superfields contain the physical states of N = 2 conformal supergrav-
ity. These N = 2 twistor superfields are functions of homogeneous coordinates of weighted
complex projective space WCP3|4 where the two weighted fermionic coordinates have weight
−1 and 3.
1 Introduction and Summary
There exist two descriptions for twistor-string vertex operators, topological B-model of
CP3|4 [1] and open string version of twistor-string theory [2]. A twistor space function of
definite homogeneity describes a massless particle state in Minkowski spacetime of definite
helicity [3, 4]. The twistor space fields describing N = 4 conformal supergravity are ho-
mogeneous function of bosonic and fermionic variables of CP3|4 [5]. The vertex operators
describe supermultiplets whose bottom component is independent of fermionic variables ψA
where A = 1, 2, 3, 4 and top component is quartic in ψA of CP3|4. Then one can determine
SU(4)R representation for each component field in ψ
A-expansion by tensor product since ψA
transforms 4 under that representation.
By looking at the SU(4)R representations for component fields, each supermultiplet pos-
sesses 8 bosonic and −8 fermionic degrees of freedom. As a result, four Lorentz scalar twistor
functions have the maximal helicity 2, 2, 0, 0 and the minimal helicity 0, 0,−2,−2. For the
remaining eight fermionic twistor supermultiplets, the maximal helicity is given by 3/2 and
1/2 and the minimal helicity is −1/2 and −3/2. Since there are 12 supermultiplets, 96 bosonic
and −96 fermionic degrees of freedom are present. This indicates that the on-shell degrees of
freedom in N = 4 conformal supergravity should reflect this observation.
The basic variable of N = 4 linearized conformal supergravity [6, 7, 8] is characterized
by a chiral superfield strength which is a Lorentz scalar. One of the lessons in [5] is that
they interpreted this quantity as a coupling of the abelian gauge field, relevant to one of
the physical vertex operators, to the boundary of an open string world sheet [2] in N = 4
superspace. The fermionic coordinates θAa where a is a spinor index in this chiral Minkowski
superspace are connected by above fermionic coordinates ψA of CP3|4 via twistor equations.
By plugging the solutions for the equations of motion on various conformal supergravity fields
into a chiral superfield strength which has all the component fields in θAa -expansion, it was
possible to write the 12 twistor supermultiplets in terms of physical states of N = 4 conformal
supergravity.
What happens for N = 1 conformal supergravity [9]? In this case, since a chiral superfield
strength has three spinor indices, a coupling of the abelian gauge field to the boundary of an
open string world sheet should be modified by multiplying a triple product of N = 4 super
derivatives, contracted with SU(4)R indices, which has also three spinor indices. The twistor
space fields describing N = 1 conformal supergravity are homogeneous function of bosonic
and fermionic variables of WCP3|2(1, 1, 1, 1|1, 3) [10]. See also [11]. Four Lorentz scalar
functions have the maximal helicity 2, 2, 0, 0 and the minimal helicity 3/2, 3/2,−1/2,−1/2.
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For the two fermionic supermultiplets, the maximal helicity is given by 3/2 and 1/2 and the
minimal helicity is given by −1/2 and −3/2.
The presence of a weighted fermionic coordinate of weight 3 of WCP3|2 in these fermionic
supermultiplets which have an unweighted fermionic index was crucial to match with the full
structure of the physical states for N = 1 conformal supergravity. As a result, each bosonic
supermultiplet possesses 1 bosonic and −1 fermionic degrees of freedom. Each fermionic
supermultiplet possesses 2 bosonic and−2 fermionic degrees of freedom. Therefore, there exist
8 bosonic and −8 fermionic degrees of freedom by summing up each bosonic and fermionic
degree of freedom. This is consistent with the number of on-shell degrees of freedom in N = 1
conformal supergravity.
The immediate question is to ask how the physical states of N = 2 conformal supergravity
[7, 8] occur in twistor-string theory. In the N = 2 conformal supergravity side, the number
of spinor index of chiral superfield strength is equal to 2 with two SU(2) internal indices
that are antisymmetric. Then a coupling of the abelian gauge field to the boundary in
the twistor-string theory should be changed by multiplying two N = 4 super derivatives,
contracted with SU(4)R indices. Four Lorentz scalar twistor functions will have the maximal
helicity 2, 2,−1,−1 and the minimal helicity 1, 1,−2,−2. For the three fermionic twistor
supermultiplets, the maximal helicity will be 3/2 and 0 and the minimal helicity will be 0 and
−3/2. Each bosonic and fermionic supermultiplet has 4 bosonic and −4 fermionic degrees of
freedom. There exist 20 bosonic and−20 fermionic degrees of freedom which will be consistent
with the number of on-shell degrees of freedom in N = 2 conformal supergravity.
Then what is corresponding twistor-string theory which will contain the physical states of
N = 2 conformal supergravity? As suggested in [10], the Calabi-Yau supermanifold should
contain the bosonic submanifold CP3 ofCP3|4 and the fermionic submanifold should have two
fermionic coordinates of weight 1 which will participate inN = 2 chiral Minkowski superspace.
The superconformal algebra SU(2, 2|2) will act on these two fermionic coordinates as well as
four bosonic ones. In order to require the Calabi-Yau supermanifold condition, the equality
of the sum of bosonic weights and the sum of fermionic weights, the sum of the remaining
fermionic weights should be equal to 2. When we consider two odd fermionic weights, the
simplest one is given by 3 and −1.
Therefore, one can add homogeneous bosonic and fermionic coordinates of WCP3|2 we
have considered for N = 1 conformal supergravity to two fermionic coordinates of weights
1,−1 and make a weighted complex projective space WCP3|4(1, 1, 1, 1|1, 1,−1, 3) where the
two fermionic coordinates are weighted and their values are −1 and 3 respectively. Then we
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will see that twistor space fields corresponding to the physical states of N = 2 conformal
supergravity are functions of homogeneous coordinates of this Calabi-Yau supermanifold 1.
In section 2, by an appropriate decomposition of SU(4)R representation of N = 4 twistor
fields into SU(2)R representation of N = 2 twistor fields, the complete structure of helicity
states with SU(2)R representation is given. In section 3, by studying the N = 2 linearized
conformal supergravity, the spectrum of massless helicity states is identified with the twistor-
string theory description given in section 2. In section 4, we will make some comments on
the case of N = 3 conformal supergravity from twistor-string theory and a mirror symmetry
of the above Calabi-Yau supermanifold.
2 Vertex operators and spectrum of massless fields in
Minkowski spacetime
In the open twistorial string theory [2], the worldsheet action depends on the homogeneous
coordinates
ZI = (λa, µa˙, ψA)
of WCP3|4 and conjugate super twistor variables YI . The physical states are given by con-
formal dimension 1 vertex operator. For example, the conformal supergravity multiplet can
be described by this dimension 1 vertex operator: YIf
I(Z) and gI(Z)∂Z
I . For the multiplets
f I of weight 1, they transform as f I → tf I under the transformation ZI → tZI where t is
real. In other words, these f I carry GL(1) charge 1. For the fermionic multiplets of weight
−1, 3, they scale as fA=3 → t−1fA=3 and fA=4 → t3fA=4 under the above transformation
respectively. They have GL(1) charge −1 and 3. Similarly, the multiplets gI of weight −1,
they transform as gI → t−1gI and other fermionic multiplets scale as gA=3 → tgA=3 and
gA=4 → t−3gA=4 respectively. The GL(1) charge of gI is opposite to those of f I .
Let us first consider the twistor field f I(Z) which is a function of four bosonic and four
fermionic variables λa, µa˙ and ψA 2. Let us denote half of fermionic variables by ψ and χ which
1Naively, one can think of WCP3|3(1, 1, 1, 1|1, 1, 2) space by adding one even fermionic weight 2 as well
as two odd fermionic weights of 1. According to [12], this space can be obtained from both CP3|4 space and
WCP
3|4 space by the fermionic dimensional reduction. Although WCP3|4 space cannot be obtained from
CP
3|4 through the fermionic dimensional reduction directly, since WCP3|4 space is related to WCP3|3 space,
eventually WCP3|4 is associated with CP3|4 space through WCP3|3 space. It might be interesting to see
how WCP3|3 Calabi-Yau supermanifold can provide N = 2 conformal supergravity spectrum.
2In this section, the twistor fields f I(Z) an gI(Z) are N = 2 contents. Unfortunately, later, we also denote
them by N = 4 twistor fields. Their relations will be clear when we discuss about the identifications with
twistor fields in section 3.
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will participate in the N = 2 chiral Minkowski superspace, through the twistor equation, and
the remaining variables by α and β which are weighted differently:
ψA=1 ≡ ψ, ψA=2 ≡ χ; ψA=3 ≡ α, ψA=4 ≡ β.
Since the f I(Z), for each I = a, a˙, A = 1, A = 2, is homogeneous in ZI of degree 1, there
exist four bosonic and two fermionic helicity states, each of helicity 3/2. Here a massless state
in Minkowski spacetime has a helicity 1 +
deg.
2
[3, 4] when we put ψA = 0 and do not take
the spinor index. For A = 3, the fA=3(Z) is homogeneous in ZI of degree −1, there is one
fermionic helicity state 1/2, by above formula. For A = 4, the fA=4(Z) is homogeneous in
ZI of degree 3, there is one fermionic helicity state 5/2 which is greater than 2. Both spinor
index a and a˙ provides a helicity 1/2 and −1/2. Then this intermediate consideration leads
to two bosonic states of helicity 2 and two of helicity 1.
For the fermions, the index A = 1, 2 transforms as 2 of the SU(2)R group of R-symmetries
and there exist two states of helicity 3/2, one state of helicity 1/2 and one state of helicity 5/2
respectively. According to the arguments of [5], after taking account of the gauge invariance
and the constraint, there exist two bosonic states of helicity 2 and two fermionic states of
helicity 3/2, one fermionic state of helicity 1/2 and one fermionic state of helicity 5/2.
The action of SU(2, 2|2) on the coordinates (λa, µa˙, ψ, χ) of WCP3|4 is generated by
6 × 6 supertraceless matrices where the trace of 4 × 4 upper-left part is equal to the trace
of 2 × 2 lower-right part. The bosonic conformal algebra SU(2, 2) is represented by the 15
matrices which lie in the 4 × 4 upper-left part. A bosonic generator which takes the form
ψA ∂
∂ψA
where A = 1, 2 for the chiral U(1)R transformation (which does not exist for N = 4
conformal supergravity) is represented by a diagonal supertraceless matrix. The 8 spinorial
and 8 special conformal symmetry generators which have the following form λa ∂
∂ψA
, ψA ∂
∂µa˙
,
ψA ∂
∂λa
, and µa˙ ∂
∂ψA
where A = 1, 2 are represented by 2 × 4 lower-left part and 4 × 2 upper-
right part. Moreover three SU(2) generators which are necessary to close the anticommutators
between the spinorial generators and special conformal generators are represented by 2 × 2
lower-right part.
Now for nonzero ψA, one can expand f I(Z) in powers of ψA: f I(λ, µ, ψ) = f I0 (λ, µ) +
f I1A(λ, µ)ψ
A + f I2AB(λ, µ)ψ
AψB + · · · where f Ik is homogeneous in λ, µ with degree (1 − k)
and provides a massless state of helicity (3/2− k/2) when we ignore the angular momentum
carried by the index I. One can read off each helicity state and SU(2)R representation as one
considers for nonzero ψA. As we have observed, there exist one fermionic state of helicity 1/2
characterized by the twistor field fA=3(Z). In order to make comparison with N = 4 twistor
field contents, it is better to add a helicity 1/2 by differentiating fA=3(Z) with respect to
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the third fermionic coordinate ψA=3 = α and making a twistor field which is homogeneous of
degree 0 resulting in a massless state of helicity 1.
We list the full structure of helicity states described by the N = 2 field f I(Z) by taking
account of angular momentum, the gauge invariance and the constraint
λafa : (2, 1), (
3
2
, 2), (1, 1),
µa˙fa˙ : (2, 1), (
3
2
, 2), (1, 1),
fA=1,2 : (
3
2
, 2), (1, 3⊕ 1), (
1
2
, 2),
∂α f
A=3 : (1, 1), (
1
2
, 2), (0, 1), (2.1)
where the first element is the helicity and the second element is the SU(2)R-representation
of R-symmetries and ∂α =
∂
∂ψA=3
= ∂
∂α
. Let us explain what we obtained in detail. The field
contents in each f I(Z) are exactly the truncation of N = 4 twistor fields satisfying SU(2)R
symmetry with same U(1)R charge for N = 4 twistor fields under the SU(4)R → SU(2) ×
SU(2)R × U(1)R. For example, the helicity state (
3
2
, 4)−1 with U(1)R charge −1 of N = 4
twistor field λafa(Z) breaks into (
3
2
, (1, 2)−1) + (
3
2
, (2, 1)1) where the second element has the
following representation (SU(2), SU(2)R)U(1)R . Then the only state (
3
2
, (1, 2)−1) preserving
U(1)R charge survives. This is denoted by (
3
2
, 2) above in a simplified notation. One can
analyze other helicity states from N = 4 description and how to break into N = 2 field
contents with correct quantum numbers.
In particular, the N = 4 fields fA(Z) contain two different SU(4)R representations for
each helicity: (1, 15 ⊕ 1), (1
2
, 20 ⊕ 4), (0, 10 ⊕ 6). In other words, they are divided into
two parts. Higher dimensional representations 15 and 20 which have nonnegative Weyl
weights 3 enter into fA=1,2(Z) of N = 2 twistor fields through the breaking SU(4)R →
SU(2) × SU(2)R × U(1)R while lower dimensional representations 1, 4 and 6 which have
negative Weyl weights 4 enter into ∂αf
A=3(Z) which is homogeneous in ZI of degree 0 resulting
in a massless state of helicity 1.
3For a generic field Φµ1µ2···µn , the flat space action contains
∫
d4xΦµ1···µn∂λ1 · · · ∂λ2pΦν1···νn + · · ·. By
assumption [8], the canonical mass dimension of Φ is equal to 2−p. If Φ does not carry world indices (n = 0),
then its Weyl weight w is equal to its canonical weight. If n 6= 0, a new field Φµ1···µne
µ1
a1
· · · eµnan is defined with
n˜ = 0 and w˜ = 2 − p. In this case w = 2 − p− n where w(eλa) = 1. For example, the SU(4)R representation
15, V BµA, has a canonical dimension 1 because it has second order derivatives and its Weyl weight is equal to
1 − n = 1 − 1 = 0. For the representation 20, ξ
a˙C
[AB], its Weyl weight is equal to its canonical weight 3/2(it
has first order derivative) because it does not have world indices.
4For the graviton eaµ, the canonical weight is equal to 0 because it has fourth order derivatives while its
Weyl weight is equal to 0 − n = 0 − 1 = −1. For the gravitino ηa˙µA, the Weyl weight is equal to −1/2 since
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A zero total number of on-shell(dynamical) degree of freedom can be checked by counting
each bosonic and fermionic degree of freedom in the spectrum. Each row in (2.1) has bosonic
degree of freedom 2 and fermionic degree of freedom −2. There exist five columns. Therefore,
there are 10 bosonic and −10 bosonic degrees of freedom. Their sum is equal to zero. Also
note that the fermionic state of helicity 5/2 characterized by fA=4(Z) implies higher spin
which is greater than 2. This cannot be obtained from N = 4 conformal supergravity, by
same reasons [10] 5. WCP3|3 Let us consider the twistor field gI(Z) and the Lorentz scalars
(λaga, µ
a˙ga˙, ∂ag
a, ∂a˙g
a˙) are homogeneous of degree (0, 0,−2,−2) respectively. By counting of
the gauge invariance and the constraint, we are left with two twistor fields of degree −2 leading
to two massless states of helicity 0. The field gA=1,2 is homogeneous of weight −1 describing
massless states of helicity 1/2 while the field gA=3 is homogeneous of weight 1 describing
massless states of helicity 3/2 and the field gA=4 is homogeneous of weight −3 describing
massless states of helicity −1/2. As for the case of fA=4(Z), this gA=4(Z) is not allowed for
the spectrum. As we have observed in f I(Z), we need to act some fermionic differentiation
on gI(Z) in order to see the truncation of N = 4 twistor fields manifestly. Then the complete
structure of helicity states by the field gI(Z) are summarized by
∂α∂β ∂ag
a : (−1, 1), (−
3
2
, 2), (−2, 1),
∂α∂β ∂a˙g
a˙ : (−1, 1), (−
3
2
, 2), (−2, 1),
∂α∂β gA=1,2 : (−
1
2
, 2), (−1, 3⊕ 1), (−
3
2
, 2),
∂β gA=3 : (0, 1), (−
1
2
, 2), (−1, 1), (2.2)
where ∂β =
∂
∂ψA=4
= ∂
∂β
. The role of ∂α and ∂β is to add the degree 1,−3 to any twistor fields
respectively. The field contents in each gI(Z) are exactly the truncation ofN = 4 twistor fields
satisfying SU(2)R symmetry for the invariant U(1)R charge. In this case, also the N = 4
fields gA(Z) contain two different representations for each helicity: (0, 10 ⊕ 6), (−
1
2
, 20 ⊕
4), (−1, 15⊕ 1).
Higher dimensional representations 20 and 15 of SU(4)R enter into ∂α∂βgA=1,2(Z) of
the canonical weight is 1/2 because it has third order derivatives and n = 1. For T
[AB]
µν , the Weyl weight is
equal to −1 because its canonical weight is 1 because it has second order derivatives and n = 2.
5Of course, the twistor-string theory, in general, contains more information than conformal supergravity
theory has. We would like to see how the N = 2 conformal supergravity spectrum appears in the context
of twistor-string theory, as a first step. It is an open problem to study the full twistor-string theory without
ignoring the state of helicity 5/2 and it might lead to an interaction of conformal supergravity theory with
other matter multiplets for this extra state.
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N = 2 twistor fields while lower dimensional representations 6, 4, and 1 of SU(4)R enter into
∂βgA=3(Z). We will see the detailed analysis in next section. The massless fields described
by (2.2) have the opposite helicities and U(1)R charges from those described by (2.1). In this
case, there are also 10 bosonic and −10 fermionic degrees of freedom. Therefore, a zero total
number of on-shell(dynamical) degree of freedom is given by 20 bosonic and −20 fermionic
degrees of freedom (their sum is equal to zero), by counting each bosonic and fermionic degree
of freedom in the spectrum of f I(Z) an gI(Z).
We will prove that the spacetime fields described by the twistor fields f I(Z) and gI(Z) we
have constructed contain the physical states of N = 2 conformal supergravity in next section.
3 Linearized spectrum of N = 2 conformal supergravity
and twistor description
We will describe how N = 2 chiral superfield strength arises from corresponding N = 4
chiral superfield strength, determine the spectrum of massless helicity states, and compare
those with the results obtained from twistor-string description.
3.1 A chiral superfield strength in N = 2 conformal supergravity
The linearized N = 4 conformal supergravity can be described by a chiral scalar superfield
WN=4(x, θ) whose Weyl weight 0 and whose component θ-expansion has the following explicit
form [5, 7]
WN=4(x, θ) = · · ·+ (θ2)(AB) E(AB) + (θ
2)
(ab)
[AB] T
[AB]
(ab)
+(θ3)
(abc)
D (∂η)
D
(abc) + (θ
3)aC[AB] ξ
[AB]
aC
+(θ4)
A(ab)
B (∂V )
B
(ab)A + (θ
4)(abcd) Wabcd + (θ
4)
[AB]
[CD] d
[CD]
[AB]
+(θ5)
a[AB]
C ∂aa˙ξ
a˙C
[AB] + (θ
5)A(abc) (∂ρ)A(abc)
+(θ6)(AB) ∂µ∂
µE
(AB)
+ (θ6)[AB](ab) ∂
aa˙∂bb˙T
[AB]
a˙b˙
+ · · · (3.1)
which satisfies the constraint
ǫABCDDaCDEaDbDD
b
FW
N=4 = ǫEFGHD
a˙A
D
G
a˙D
B
b˙ D
b˙H
W
N=4
(3.2)
and the chirality of WN=4 is imposed: it does not contain the θ
a˙
A-dependence. Due to this
contraint equation, some of higher θ-components ofWN=4 are expressed in terms of derivatives
of fields whose complex conjugates occur in the lower θ-components. The SU(4)R irreducible
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representations (θ2)(AB), (θ2)
(ab)
[AB], (θ
3)
(abc)
D , · · · , (θ
6)[AB](ab) transform as 10, 6, 4, 20, 15,1, 20
′,
20, 4, 10, 6 of SU(4)R respectively. In particular, ξ
[AB]
aC and d
[CD]
[AB] are traceless.
Let us construct N = 2 chiral field strength superfield WABab (x, θ) where A and B are
SU(2) indices and antisymmetric in terms of above WN=4, by acting two super derivatives
on WN=4 contracted with SU(4)-invariant epsilon tensor and putting the other fermionic
coordinates to zero,
W12ab (x, θ) = ǫ
12ABDaADbBW
N=4(x, θ)
∣∣∣
θ3=θ4=0
(3.3)
where we fix SU(2) indices 1 and 2.
We will compute the right hand side of (3.3) together with (3.1) explicitly. Let us first
consider the quadratic term in θ ofWN=4, (θ2)(CD), transforming 10 under the SU(4)R when
we act two super derivatives on it, together with E(CD). There are two contributions but they
are cancelled each other. That is, one obtains
ǫ12ABDaADbB (θ
2)(CD) E(CD)
∣∣∣
θ3=θ4=0
= 0. (3.4)
Next let us compute the contributions from the quadratic term in θ of WN=4, (θ2)(cd)[CD],
transforming 6 under the SU(4)R. The result can be written as ǫ
12EF ǫCDEF δ
c
(aδ
d
b) by realizing
that (θ2)
(cd)
[CD] = ǫCDEFθ
E(cθd)F . By combining this with the component field T
[CD]
(cd) , one gets
ǫ12ABDaADbB (θ
2)
(cd)
[CD] T
[CD]
(cd)
∣∣∣
θ3=θ4=0
= δ1[Cδ
2
D] T
[CD]
(ab) . (3.5)
Here the role of two super derivatives acting on the fermionic coordinates and putting θ3 =
θ4 = 0 projects out the representation 6, T
[CD]
(cd) , of SU(4)R and leaves invariant 1, T
[12]
(ab), of
SU(2)R.
Let us compute the contributions from cubic terms in θ of WN=4, (θ3)(cde)C , which has the
following expression ǫCDEF θ
D(aθEbθc)F , transforming 4 under the SU(4)R. It is easy to check
ǫ12ABDaADbB(θ
3)
(cde)
C = δ
(c
a δ
d
b θ
e)[1δ
2]
C by computing the action of super derivatives
6. Then by
combining this with the component field (∂η)C(cde), one obtains
ǫ12ABDaADbB (θ
3)
(cde)
D (∂η)
D
(cde)
∣∣∣
θ3=θ4=0
= θc[C(∂η)
D]
(ab)c δ
1
[Cδ
2
D]. (3.6)
In this case, the only state represented by 2, (∂η)D(ab)c where D = 1 or 2, of SU(2)R is
survived by acting some projection on 4 of SU(4)R. The next term (θ
3)cE[CD] = ǫCDFG(θ
2)EFθGc
we consider transforms as 20 under the SU(4)R and the contributions can be written as
6Let us emphasize that after differentiating the θ’s under the super derivativeDaA and putting the condition
θ3 = θ4 = 0, the remnants of θaA’s where A = 1, 2 are the fermionic coordinates of N = 2 superspace.
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ǫ12FGǫCDFGδ
c
(aθ
E
b) and ǫ
12EF ǫCDFGδ
c
(aθ
G
b). The first term combined with the component field
ξ
[CD]
cE becomes δ
1
[Cδ
2
D]θ
A
(aξ
[CD]
b)A . Note that when we restrict the condition of θ
3 = θ4 = 0, the
SU(4) index A becomes the SU(2) index. That is, the value of index A is 1 or 2.
What happens for the second term? The whole expression will be ǫ12EF ǫCDFGθ
G
(aξ
[CD]
b)E .
When the index G is equal to 1 or 2, the index E can be C or D in the product of two
epsilon tensors. However, this contribution vanishes because there exists a relation ξ
[CD]
bC = 0.
Eventually, we end up with
ǫ12ABDaADbB (θ
3)cE[CD] ξ
[CD]
cE
∣∣∣
θ3=θ4=0
= θA(aξ
[CD]
b)A δ
1
[Cδ
2
D].
After projecting out, the representation of 2, ξ
[12]
bA where A = 1 or 2, of SU(2)R remains.
Originally it was a state represented by 20 of SU(4)R.
We move on the quartic term in θ of WN=4. First let us consider the term (θ4)C(cd)D
transforming 15 of SU(4)R. By factorizing this into (θ
2)CE and (θ2)cd[DE], as the two super
derivatives act on only the last factor, the result can be written as (θ2)C[D(∂V )
E]
C](ab)δ
1
[Dδ
2
E]
where C = 1, 2 by using the property of (3.5). On the other hand, when the two super
derivatives act on the first and second factors separately, half of the terms contain δDC and
this will lead to the contribution (∂V )AA. This is zero from the irreducibility of SU(4) tensor.
The rest of the terms consists of (θ2)
cC[D
(a (∂V )
E]
b)cCδ
1
[Dδ
2
E]. Then one obtains
ǫ12ABDaADbB (θ
4)
C(cd)
D (∂V )
D
(cd)C
∣∣∣
θ3=θ4=0
= (θ2)A[C(∂V )
D]
(ab)A δ
1
[Cδ
2
D].
Therefore (∂V )D(ab)A where the indices A,D are 1 or 2 transforms as 3+ 1 under the SU(2)R.
For the singlet (θ4)(cdef) = ǫCDEFθ
(cCθdDθeEθf)F of SU(4)R, the contribution can be writ-
ten as
ǫ12ABDaADbB (θ
4)(cdef) Wcdef
∣∣∣
θ3=θ4=0
= (θ2)
[CD]
cd W
cd
(ab) δ
1
[Cδ
2
D].
By rewriting (θ4)
[CD]
[EF ] as a factorized form ǫEFGH(θ
2)CG(θ2)DH , the only nonzero contribution
occurs when each super derivative D acts on each (θ2) factor because we have seen that as
the two super derivatives act on only one factor, there is no contribution from (3.4). Among
four terms, the only nonzero contribution arises from the expression δ1[Eδ
2
F ](θ
2)CDab . The other
three terms vanish when we restrict to the case of θ3 = θ4 = 0 since the SU(4) index C or D
should be equal to E or F and the irreducibility condition implies d
[EF ]
[CE] = 0. Therefore, we
are led to
ǫ12ABDaADbB (θ
4)
[CD]
[EF ] d
[EF ]
[CD]
∣∣∣
θ3=θ4=0
= (θ2)CD(ab) d
[EF ]
[CD] δ
1
[Eδ
2
F ].
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The original representation 20′ of SU(4)R is reduced to a state by 1, d
[12]
[CD] where the indices
C and D are 1 or 2, of SU(2)R.
Now let us consider the next term (θ5)
c[CD]
E of 20 under the SU(4)R. Let us factorize this
into (θ2)
[CD]
de and (θ
3)cdeE . Then there are three possibilities for nontrivial contributions. When
the two super derivatives act on the first (θ2) factor, the result turns out to be ǫ12CD(θ3)cE(ab),
according to the computations (3.5). However, after restricting to the condition of θ3 = θ4 = 0,
this will be the product of three θ’s contracted with the three indices of epsilon tensor. Then
the contribution becomes zero. The next nontrivial contribution is the case where all the
super derivatives are acting on the last factor (θ3). Based on the previous computation (3.6),
the result can be written as (θ2)
[CD]
(be θ
e[1δ
2]
E∂a)a˙ξ
a˙E
[CD]. In order to simplify this, let us recall
that the quadratic expression of θ has the following terms: ǫCD(θ2)be and ǫbe(θ
2)CD. Then
by multiplying an extra θ, one obtains ǫCD(θ3)
[E
(a∂b)a˙ξ
F ]a˙
[CD]δ
1
[Eδ
2
F ]. Finally, the last contribution
arises when the each super derivative acts on each factor separately. Two of six terms contain
ǫab and so this becomes zero. Two of them can be written as δ
C
E and this can be combined
with the component field ξ
E
[CD]. However, since ξ
C
[CD] = 0 from the irreducibility of SU(4)R,
there is no contribution. Two of them can be written as ǫ12CF ǫEFGH(θ
2)DHθGa δ
c
b . One can
write this as two (θ3)Ha ǫ
DG and (θ3)Da ǫ
HG-dependent terms. In both cases, they contain ǫCE
which will reduce to zero contribution by same reasoning. Therefore, we are led to
ǫ12ABDaADbB (θ
5)
c[CD]
E ∂ca˙ξ
a˙E
[CD]
∣∣∣
θ3=θ4=0
= (θ3)
[E
(a∂b)a˙ξ
F ]a˙
[CD] ǫ
CDδ1[Eδ
2
F ].
One can factorize the next term (θ5)C(def) of 4 into two factors: (θ2)CD(θ3)cdeD . When the
two super derivatives act on the first factor, the contribution will be zero by (3.4). Let us
consider when the two super derivatives act on the second factor. According to the computa-
tions done before (3.6), one gets (θ2)CDθcEδFDδ
1
[Eδ
2
F ](∂ρ)Cabc. In order to simplify this, let us
recall that the cubic expression of θ has the following terms and it can be decomposed into:
ǫCE(θ3)cD and ǫDE(θ3)cC . As a result, one obtains ǫ12(θ3)Cc(∂ρ)(ab)cC . Of course, there are
other expressions which can be easily reduced to this. Moreover, there is an expression when
each super derivative acts on each factor. The only nontrivial part can be obtained from the
case where the SU(4) index A is equal to C while the index B is equal to E, F or G. In this
case, also the final result can be written as the one we wrote above. Therefore, we arrive at
the final contribution as follows:
ǫ12ABDaADbB (θ
5)C(def) (∂ρ)C(def)
∣∣∣
θ3=θ4=0
= ǫ12(θ3)Cc (∂ρ)(ab)cC .
By writing down the explicit dependence of θ’s where (θ6)(CD) transforms as 10 under
the SU(4)R, there exist 30 terms. Six of them have a structure of ǫab and this will vanish by
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symmetrizing the indices a and b. Twelve of them contain three product of θ’s contracted
with SU(4)-invariant epsilon tensor and this also vanishes because at the final step we put
θ3 = θ4 = 0. The remaining terms take the form of ǫ12IEǫEFGCǫHIJDθ
F
a θ
H
b θ
cGθJc . From this,
the last three θ’s can be written in terms of both (θ3)Jb and (θ
3)Gb . By multiplying the first
factor θFa , all these expressions have ǫab and there are no contributions at all. Therefore, we
conclude that 7
ǫ12ABDaADbB (θ
6)(CD) ∂µ∂
µE
(CD)
∣∣∣
θ3=θ4=0
= 0.
Next terms can be manipulated similarly. When we express (θ6)[CD](cd) explicitly, it can
be written as (θ2)EG(θ2)FH(θ2)[GH]cdǫCDEF . As we did before, let us act the super derivatives
on this. According to previous computation (3.4), when the two derivatives act on the first
two (θ2) factors, the result is zero. The first nontrivial contribution can be obtained from
the case where each super derivative acts on the second and third (θ2) factor respectively.
Among four terms, two terms vanish because the remaining θ’s contain SU(4) index 3 or
4. The remaining terms can be written as δ1[Gδ
2
J ]ǫCDEF (θ
2)EG(θ2)FJad ǫcb. By manipulating
the θ’s, the quartic term in θ can be written as (θ4)(ǫEF ǫGJ + ǫEJǫGF )ǫad. Therefore, one
arrives at (θ4)∂a˙(a∂b)b˙T
(a˙b˙)[CD]
ǫCDǫ
12. The second nontrivial contribution arises from the case
where the two super derivatives act on only the last (θ2) factor. The result turned out to be
δ1[Gδ
2
H]ǫCDEF (θ
2)EG(θ2)FHǫdaǫcb which is equal to the previous one. Then, one gets the final
expression
ǫ12ABDaADbB (θ
6)[CD](cd) ∂
ca˙∂db˙T
[CD]
a˙b˙
∣∣∣
θ3=θ4=0
= (θ4) ∂a˙(a∂b)b˙T
(a˙b˙)[CD]
ǫCDǫ
12.
After combining all the nonzero contributions we obtained so far, the component field
θ-expansion of N = 2 chiral superfield strength WABab (x, θ) where two SU(2)R indices A and
B are antisymmetric is given by
WABab (x, θ) = T
[AB]
(ab) + θ
c[A(∂η)
B]
(ab)c + θ
C
(aξ
[AB]
b)C
+(θ2)C[A(∂V )
B]
(ab) C + (θ
2)
[AB]
cd F
cd
(ab) + (θ
2)[AB](∂A)(ab) + (θ
2)
[CD]
(ab) d
[AB]
[CD]
+(θ3)
[A
(a∂b)c˙ξ
B]c˙
[CD]ǫ
CD + (θ3)cC(∂ρ)(ab)cCǫ
AB
+(θ4)ǫABǫCD∂a˙(a∂b)b˙T
(a˙b˙)[CD]
(3.7)
7One can prove this also by writing (θ6)(CD) as ǫCEFGǫDHIJ (θ
2)EH (θ2)FI(θ2)GJ . Then the nontriv-
ial contribution can be obtained by acting two super derivatives on each (θ2) factor. In other words, we
have ǫ12ABǫCEFGǫDHIJ(θ
2)EH
[
DaA(θ
2)FI
] [
DbB(θ
2)GJ
]
. After simplifying this, one gets an expression of
ǫCEFGǫDHIJ (θ
2)EH(θ2)IJ(ab). The last factor (θ
2)IJ(ab) contains ǫab and (θ
2)ab. Then the ǫab does not contribute
when we make an antisymmetrization and there exists a relation (θ2)EH (θ2)ab = 0. As a result, the whole
contribution is zero.
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which was written in [7] using four spinor notation and has Weyl weight w = 1. The SU(2)R
irreducible representations θcA, θCa , · · · , (θ
4) transform as 2, 2, 3, 3, 3, 3, 2, 2, 1, of SU(2)R
respectively. This is not an unrestricted chiral superfield because some of higher θ-components
are expressed in terms of derivatives of fields whose complex conjugates occur in the lower θ
sector. One can see this constrained condition from N = 4 description. From the constraint
equation (3.2) in N = 4 superspace, one sees immediately that Da1D
b
2W
12
ab = D
1
a˙D
2
b˙W
a˙b˙
12.
Then the linearized N = 2 conformal supergravity can be described off-shell by a chiral field
strength superfield WABab (3.7) that satisfies the constraint [7, 8]
DaAD
b
BW
AB
ab = D
A
a˙D
B
b˙ W
a˙b˙
AB, (3.8)
where the N = 2 superspace derivatives are given by DaA =
∂
∂θAa
+ θ
a˙
A∂aa˙, D
A
a˙ =
∂
∂θ
a˙
A
where
a, a˙, A = 1, 2. One can find the prepotential V for WABab by solving the constraints (3.8)
directly or adding the constraints (3.8) in the action together with Lagrange multiplier and
eliminating WABab . Then one obtains W
AB
ab = ǫ
ABD
4
D2abV [13].
The constraint equation (3.8) ensures that the reduced superfield (3.7) contains 24 +
24 independent bosonic and fermionic components, as does the Weyl multiplet. Then the
condition forWABab to be chiral, D
c˙C
WABab (x
aa˙, θAa , θ
a˙
A) = 0 implies thatW
AB
ab does not depend
on θ
a˙
A. The field W
AB
ab has an analog in N = 1 super Yang-Mills theory [14, 15] where, at the
linearized level, the theory is described by a chiral superfield Wa(Da˙Wb = 0) satisfying the
additional constraint equation DaWa = Da˙W
a˙
. Some of components in the θ-expansion of
Wa are real. For example, this constraint implies that the auxiliary field DaWa at θ = 0 is
real. Other components obey Bianchi identities. Similarly, one can think of the auxiliary fields
F abab = ǫ
ABDAaDBbWab at θ = 0 and this is real according to (3.8) and the Weyl multiplet
Fabcd = ǫ
ABDAaDBbWcd at θ = 0 satisfies the Bianchi identities.
Since the square of the Weyl multiplet, contracted over all indices, is a chiral scalar
multiplet with Weyl weight w = 2. The highest component, a Lorentz scalar, has Weyl
weight w = 4. Note that the Weyl weights for θAa and D
a
A are −1/2 and 1/2 respectively.
Then, the action for N = 2 conformal supergravity at the linearized level [6, 7, 8] is given by
S =
∫
d4x
∫
d4θ W2, W2 = ǫABǫCDW
abABWCDab . (3.9)
By computing the θ-integrals with correct normalization, this action leads to the following
component action [7]
S =
∫
d4x
[
4T
[AB]
(ab) ∂
aa˙∂bb˙T (a˙b˙)[AB] −
1
2
ξ
[AB]
aC ∂
aa˙ξ
C
a˙[AB] +
3
2
d2 +
1
2
(∂V )A(ab)B(∂V )
(ab)B
A
−(∂η)A(abc)(∂ρ)
(abc)
A +
1
4
CabcdC
abcd −
1
8
(∂A)(ab)(∂A)
(ab)
]
. (3.10)
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Here d is an auxiliary nonpropagating pseudo-scalar field. In Table 1, we present some
properties of these field contents. The complete generalized component action [7] for N = 2
conformal supergravity was found by constructing the non-linear N = 2 Weyl multiplet and
applying the N = 2 density formula.
3.2 Physical spectrum of N = 2 conformal supergravity
To find out the spectrum of the theory, it is necessary to study the solutions of equations of
motion. For a single antisymmetric tensor field TABµν = T
[AB]
[µν] = (σµν)
(ab)T
[AB]
(ab) , the linearized
equation of motion from above action (3.10) is given by ∂aa˙∂bb˙T
[AB]
(ab) = 0 and the solution
becomes, as given in [5],
T
[AB]
(ab) =
∫
d4kδ(k2)eik·x
[
πaπb
(
T
[AB]
−1 (k) + i
x0
k0
T
′[AB]
−1 (k)
)
+ π(aτ˜b)T
[AB]
0 (k)
]
. (3.11)
In this case, the number of on-shell degrees of freedom is 3 described by three different
helicities −1,−1′, 0. For two spinors ξ[AB]aC , the equation of motion is given by ∂
aa˙ξ
[AB]
aC = 0
and the solution describes a massless state of helicity −1/2.
For two gravitinos ηAaµ , the linearized equation of motion is ∂
eb˙∂a(c˙∂a˙)bσµ
bb˙
ηAµa = 0 and the
solution is given by [5]
ηAµa = σ
bb˙
µ
∫
d4kδ(k2)eik·x
[
πaπbτb˙
(
ηA− 3
2
(k) + i
x0
k0
ηA− 3′
2
(k)
)
+ π(aτ˜b)τb˙η
A
− 1
2
(k) + τ˜aτ˜bπ˜b˙η
A
3
2
(k)
]
where the number of on-shell degrees of freedom of conformal gravitinos is −4 since there exist
four independent helicity states. For three SU(2) gauge fields V BµA, the equation of motion is
obtained and the number of on-shell degrees of freedom of the gauge vector is equal to 2 by
the helicity states −1 and 1.
Finally, for graviton eµaa˙, the equation of motion is ∂
a˙(c∂d)b˙∂a(c˙∂d˙)bσµ
bb˙
eµaa˙ = 0 and the
solution [5] can be written as
eµaa˙ = σ
bb˙
µ
∫
d4kδ(k2)eik·x
[
πaπbτa˙τb˙
(
e−2(k) + i
x0
k0
e−2′(k)
)
+ π(aτ˜b)τa˙τb˙e−1(k)
+τ˜aτ˜bπ˜(a˙τb˙)e1(k) + τ˜aτ˜bπ˜a˙π˜b˙
(
e2(k) + i
x0
k0
e2′(k)
)]
where the gauge transformation is used. The number of on-shell degrees of freedom of the Weyl
graviton is 6. For theories involving higher derivatives, the counting of states is nontrivial.
The number of on-shell degree of freedom ν [8] from path-integral methods which are different
from a canonical approach [9] can be found as follows:
ν(T
[AB]
ab ) = ν(T
[AB]
a˙b˙
) = 3, ν(ξ
[AB]
aC ) = ν(ξ
a˙C
[AB]) = −1, ν(η
Aa
µ ) = ν(η
a˙
µA) = −4,
ν(V BµA) = 2, ν(Aµ) = 2, ν(d) = 0, ν(e
aa˙
µ ) = 6.
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Then a zero total number of on-shell degree of freedom 8 can be checked by multiplying
the above each degree of freedom by the number of each type of the field in the spectrum
νtotal = 6× 1− 2× 2− 8× 2 + 2× 3 + 2× 1 + 0× 1 + 6× 1 = +20− 20 = 0.
We summarize the various aspects of N = 2 conformal supergravity in Table 1.
3.3 Identification with N = 2 twistor fields from N = 4 twistor
fields
We will prove that the physical states of N = 2 conformal supergravity in four dimensions
are equal to the spacetime fields described by the twistor fields f I and gI . Let us start with
the identification of the chiral superfield W ABab in the linearized conformal supergravity with
the twistor fields
W12ab (x, θ) =
(
ǫ12ABDaADbB
∫
Dx,θ
gIdZ
I
) ∣∣∣
θ3=θ4=0
,
where the N = 4 twistor fields gI(Z) are given in [5] explicitly and the differentials dZ
I
are dZI = (dλa, dµa˙, dψA) = (dλa, dλbx
ba˙, dλcθ
cA). Here we used the twistor equations by
introducing a bosonic spinor λa
(µa˙, ψA) = (xaa˙λa, θ
Aaλa). (3.12)
Through these, the fermionic coordinates ψA of CP3|4 are related to the fermionic coor-
dinates θAa of chiral Minkowski superspace. By using the expression of dZ
I , one can write
down
W12ab (x, θ) = ǫ
12ABDA(aDb)B
∫
dλc
[
gc(Z) + xcc˙g
c˙(Z) + θAc gA(Z)
] ∣∣∣
θ3=θ4=0
(3.13)
where it is understood that the homogeneous coordinates ZI are viewed as functions of λa
for fixed x and θ through the twistor equations (3.12). What does this equation (3.13) mean?
The left hand side of (3.13) provides the solutions for the conformal supergravity fields in
momentum space using the result of previous subsection while the right hand side of (3.13)
describes the N = 2 twistor fields. Our aim is to demonstrate the precise relations between
the physical states of N = 2 conformal supergravity and the vertex operators of twistor-string
theory using (3.13).
8The number of off-shell degree of freedom n [8] can be found as follows: n(T
[AB]
ab ) = 3, n(ξ
[AB]
aC ) =
−2, n(ηAaµ ) = −4, n(V
B
µA) = 3, n(Aµ) = 3, n(d) = 1, n(e
aa˙
µ ) = 5. Then a zero total number of off-shell
degree of freedom can be checked by multiplying the above each degree of freedom by the number of each
type of the field in the spectrum ntotal = 6× 1− 4× 2− 8× 2+ 3× 3+ 3× 1+ 1× 1+ 5× 1 = +24− 24 = 0.
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States in N = 2 CSG U(1)R charge Helicity SU(2)R rep. SU(4)R rep.
T
[AB]
(ab) = ǫ
ABT(ab) 2 −1,−1
′, 0 1 6
ξ
[AB]
aC = ǫ
ABξaC 1 −
1
2
2 20
ηAaµ 1 −
3
2
,−3
2
′
,−1
2
, 3
2
2 4
V BµA 0 1,−1 3 15
Aµ 0 1,−1 1 -
d
[CD]
[AB] = ǫABǫ
CDd 0 none 1 20′
eaa˙µ 0 2, 2
′, 1,−1,−2,−2′ 1 1
ηa˙µA −1
3
2
, 3
2
′
, 1
2
,−3
2
2 4
ξ
a˙C
[AB] = ǫABξ
a˙C
−1 1
2
2 20
T
[AB]
(a˙b˙)
= ǫABT (a˙b˙) −2 1, 1
′, 0 1 6
Table 1: The U(1)R charges, helicities and SU(2)R representations of physical states in N = 2
conformal supergravity(CSG) in four dimensions. In the first column, we present the vari-
ous field contents of N = 2 CSG with SU(2)R-invariant epsilon tensor. The SU(4)R R-
symmetry of N = 4 conformal supergravity is broken to SU(2) × SU(2)R × U(1)R. Each
SU(2)R representation of N = 2 conformal supergravity corresponds to the representation
SU(2)× SU(2)R×U(1)R with invariant U(1)R charge. For example, in the branching rule of
6→ (1, 1)2+(1, 1)−2+(2, 2)0, the U(1)R invariant representation is (1, 1)2 which is denoted
by U(1)R charge 2 and SU(2)R representation 1 separately in the first row. All other SU(4)R
representations, 20, 4, 15, 20′, 1, 4, 20 can be broken to the appropriate SU(2)R representa-
tion with invariant U(1)R charge as above. This will be discussed in detail later.
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The equation of motion for WABab from the superspace action is given by
DaAD
b
BW
AB
ab = 0. (3.14)
Let us check that the above superspace function Wab(x, θ) (3.13) which can be written as
twistor fields gI satisfies (3.14). Suppose that there is a function φ(Z) that is any function
of Z. Then one can transform it to a function φ′(λ, x, θ) by writing µ and ψ in terms of λ
through the relation (3.12). By the chain rule, one gets DaAφ
′ = λa
(
∂
∂ψA
+ θ
b˙
A
∂
∂µb˙
)
φ′ where
φ′ = φ(λc, xcc˙λc, θ
Adλd). Since λ
aλa = 0, it is easy to see that D
a
ADBaφ
′ = 0. As observed in
[5], inside of an integral (3.13), there are the factors of x and θ which are linear in x and θ, the
commutators between DaADBa and x or θ vanish and we are left with D
a
ADBaD
b
CDDb
∫
gIdZ
I =
0 implying that (3.13) satisfies (3.14).
Let us determine the N = 2 twistor fields gI(Z) in terms of N = 2 chiral superfield WABab
which has a simple relation (3.3) with N = 4 chiral superfield providing corresponding twistor
fields. Let us start with N = 4 twistor field [5]
ga˙(Z) = · · · −
(
i
λaσ0aa˙
k0
) [
(ψ2)[AB]Tˆ
′[AB]
−1 + (ψ
3)Aηˆ
′A
− 3
2
+ (ψ4)eˆ′−2
]
. (3.15)
From this, one can take the product of super derivatives Dc3Dd4 acting on ga˙(Z) and the
nontrivial terms arise from the θ3θ4-dependent terms and the result is given by 9
ǫ12CDDcCDdD ga˙(Z)
∣∣∣
θ3=θ4=0
= (−i
λdσ0da˙
k0
)λcλd
[
Tˆ
′[AB=12]
−1 + ψηˆ
′A=2
− 3
2
+ χηˆ′A=1− 3
2
+ ψχeˆ′−2
]
.(3.16)
What does this result mean? We have determined the second term on the right hand side
of (3.13) in terms of N = 2 twistor fields. Then how one can relate this to N = 2 chiral
superfield WABab ? After we are plugging the result (3.16) into the right hand side of (3.13),
then the left hand side of (3.13) will tell us about the component fields for N = 2 chiral
superfield WABab . In this way, one can determine all the identifications between the spacetime
fields described by twistor fields and the physical states of conformal supergravity.
In section 2, the helicity and SU(2)R representation for ∂α∂β∂
a˙ga˙ was given in (2.2).
One can identify the right hand side of (3.16) with the twistor description in section 2,
term by term. For example, the massless state characterized by (0, 1) before taking ∂α∂β
on ∂a˙ga˙ corresponds to λcλdTˆ
′[AB=12]
−1 which denotes the twistor field for the spacetime field
9Since we keep the notation for N = 4 quantity by f I(Z) and gI(Z), the corresponding N = 2 quantity can
be obtained by acting super derivatives on N = 4 twistor fields and putting the other fermionic coordinates
to zero. Therefore, the results depend on only θ1 and θ2.
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λcλdT
′[AB=12]
−1 of helicity zero
10 and is a singlet 1 under SU(2)R-representation
11. The fact
that the above spacetime field has a helicity 0 is obvious because T
′[AB=12]
−1 itself represents a
helicity −1 and the role of λcλd inside the integral of (3.13) increases the helicity +1. Then how
one can understand this SU(2)R representation? It is known that the SU(4)R-representation
6 of N = 4 conformal supergravity is decomposed into [16]
6→ (1, 1)2 + (1, 1)−2 + (2, 2)0 (3.17)
under the SU(4)R → SU(2) × SU(2)R × U(1)R. The only invariant quantity through the
above procedure(truncation of N = 4 theory described by (3.3)) preserving U(1)R symmetry
is (1, 1)2 which is represented by Tˆ
′[AB=12]
−1 or T
′[AB=12]
−1 . Note that when we take ∂
a˙ in both
sides of (3.16), the prefactor −i
λdσ0
da˙
k0
in the right hand side is gone [5]. If we are using ∂α∂β on
ga˙(Z) rather than the super derivatives, then the factor λcλd in the right hand side of (3.16)
will disappear.
What about other terms in the right hand side of (3.16)? The next massless state (−1
2
, 2)
for ∂a˙g
a˙ given in section 2 should correspond to both λcλdηˆ
′A=2
− 3
2
and λcλdηˆ
′A=1
− 3
2
in (3.16). One
can combine and write them as ψAˆ˜η
A
− 1
2
where index A is a representation 2 under the SU(2)R-
representation since the presence of λcλd in the spinor integral of (3.16) makes an increase of
helicity +1. The representation 2 of SU(2)R can be understood as follows. More precisely,
the SU(4)R-representation 4 is decomposed into
4→ (1, 2)1 + (2, 1)−1 (3.18)
under the SU(4)R → SU(2) × SU(2)R × U(1)R. Then the state ˆ˜η
A
− 1
2
above corresponds to
(1, 2)1.
Finally, the massless state (−1, 1) corresponds to the last term in (3.16). In this case, one
can express it as ψAψBˆ˜e−1ǫ
AB which has a helicity −1 and is a singlet 1 where the indices A
and B are SU(2)R indices.
So far, we have considered the contributions from ga˙(Z) in (3.16). Now we move on those
from ga(Z). Let us consider N = 4 twistor field [5]
ga(Z) = · · ·+ λa
[
(ψ2)[AB]Tˆ
[AB]
−1 + (ψ
3)Aηˆ
A
− 3
2
+ (ψ4)eˆ−2
]
. (3.19)
10Recall that the hatted fields stand for twistor fields and unhatted fields stand for supergravity fields.
11Let us describe this more explicitly and how it works. From the relation (3.13), one sees that ✷Wcd =∫
dλaλaǫ
12CDDcDDdD∂a˙g
a˙. Now the lowest term of the left hand side together with (3.7) can be written
as
∫
d4kδ(k2)eik·xπcπdT
′[AB=12]
−1 (k) by substituting the solution of equation of motion (3.11) into (3.7). On
the other hand, the lowest term of right hand side of above relation can be written as, from the result
(3.16),
∫
dλaλaλcλdTˆ
′[AB=12]
−1 which is equal to λcλdT
′[AB=12]
−1 (x) up to a numerical factor. This is a precise
correspondence between the twistor field Tˆ
′[AB=12]
−1 and spacetime field T
′[AB=12]
−1 .
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By acting two super derivatives on this, there exists the following relation which looks similar
to (3.16) but the other component fields of ‘dipole’ fields occur
ǫ12CDDcCDdD ga(Z)
∣∣∣
θ3=θ4=0
= λa (λcλd)
[
Tˆ
[AB=12]
−1 + ψηˆ
A=2
− 3
2
+ χηˆA=1− 3
2
+ ψχeˆ−2
]
. (3.20)
The factor λa in (3.20) can be removed when we consider ∂
aga(Z) instead of ga(Z). Now
it is easy to see the exact identification in section 2 by following the analysis in previous
paragraph. The massless states (0, 1), (−1
2
, 2), (−1, 1) given in section 2 correspond to the
component twistor fields together with λcλd in (3.20).
Now we are left with the contributions from θAc gA(Z) in (3.16). One has to be careful
about these contributions because the super derivative can act on the fermionic coordinate
θAc also. In this computation, let us start with other type of N = 4 twistor field [5]
gA(Z) = · · ·+ ψ
BTˆ0[AB] + ψ
BEˆ0(AB) + (ψ
2)[AB]ηˆ
B
− 1
2
+ (ψ2)[BC]ξˆ
[BC]
− 1
2
A
+(ψ3)Aeˆ−1 + (ψ
3)BVˆ
B
−1A + (ψ
4)ηˆ− 3
2
A. (3.21)
One takes two super derivatives and has to pick up the θ3θ4-dependent terms in above. Then
it turns out
ǫ12CDDcCDdD gA=1(Z)
∣∣∣
θ3=θ4=0
= (λcλd)
[(
ηˆB=2− 1
2
+ ξˆ
[BC=12]
− 1
2
,A=1
)
+ ψVˆ B=2−1,A=1
+χ
(
eˆ−1 + Vˆ
B=1
−1,A=1
)
+ ψχηˆ− 3
2
,A=1
]
. (3.22)
One has to understand this N = 2 twistor field in the context of (3.13) and there exists a
factor θA=1c as well as (3.22) in the integrand. Once again, after we are plugging the result
(3.22) into the right hand side of (3.13), then the left hand side of (3.13) will tell us about
the particular component fields for N = 2 chiral superfield WABab . Let us describe each term
in detail. The SU(4)R-representation 20 represented by ξ
[AB]
aC can be decomposed into
20→ (1, 2)1 + (3, 2)1 + (2, 1)3 + (1, 2)−3 + (2, 1)−1 + (2, 3)−1. (3.23)
Then (1, 2)1 which has U(1)R charge 1 describes a twistor field ξˆ
[BC=12]
− 1
2
,A=1
12. In other words,
the index A plays the role of 2 of SU(2)R representation. The other element of 2 will be seen
12How one realizes the correspondence between twistor field and conformal supergravity field? There is a
relation given by (3.13). By substituting the solution of ξ
[AB]
bC in terms of momentum space into the left hand
side of (3.13), then there is an expression of θCa
∫
d4kδ(k2)eik·xπbξ
[AB=12]
− 1
2
,C
(k). On the other hand, the right
hand side of (3.13) has a term
∫
dλdθCd λaλbξˆ
[AB=12]
− 1
2
,C
. Now one differentiates both expressions with respect to
θDc . Then one obtains the following relation:
∫
d4kδ(k2)eik·xξ
[AB=12]
− 1
2
,C
(k) =
∫
dλaλaξˆ
[AB=12]
− 1
2
,C
. In this way, one
gets a precise relation between twistor fields and spacetime fields.
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from the description of gA=2(Z) below. Since ηˆ
B=2
− 1
2
has a representation (1, 2)1 according to
(3.18), one can construct the sum of these two twistor fields as N = 2 twistor field, ˆ˜ξ
[BC=12]
− 1
2
,A=1
because they have common helicity and SU(2)R representation.
Under the SU(4)R → SU(2)×SU(2)R×U(1)R, the SU(4)R-representation 15 character-
ized by V BµA is decomposed into
15→ (1, 1)0 + (1, 3)0 + (3, 1)0 + (2, 2)2 + (2, 2)−2. (3.24)
Therefore, the representation (1, 1)0 + (1, 3)0 preserving U(1)R charge corresponds to Vˆ
B
−1,A.
We can also combine two terms in χ-dependent terms and express as ˆ˜V
B=1
−1,A=1. Also from the
branching rule of 4 of SU(4)R, the representation (1, 2)−1 gives a description for ηˆ− 3
2
,A=1. For
the description of helicity on these fields, it is easy to check.
Let us consider when the index A in gA(Z) is equal to 2. Similarly, one can do for gA=2(Z):
ǫ12CDDcCDdD gA=2(Z)
∣∣∣
θ3=θ4=0
= (λcλd)
[(
ηˆB=1− 1
2
+ ξˆ
[BC=12]
− 1
2
,A=2
)
+ ψ
(
eˆ−1 + Vˆ
B=2
−1,A=2
)
+χVˆ B=1−1,A=2 + ψχηˆ− 3
2
,A=2
]
. (3.25)
The first two terms can be combined N = 2 twistor field ˆ˜ξ
[BC=12]
− 1
2
,A=2 because they share common
helicity and SU(2)R representation and moreover the two terms in ψ-terms can be written as
ˆ˜V
B=2
−1,A=2. It is more clear if we combine the two results (3.22) and (3.25) in a single covariant
way. It becomes
ˆ˜
ξ− 1
2
,A +ψ
B ˆ˜V
B
−1,A+ ψ
BψC ηˆ− 3
2
,AǫBC which corresponds to the massless states
(−1
2
, 2), (−1, 3 ⊕ 1), (−3
2
, 2) for ∂α∂βgA=1,2 given in section 2. Note that if we use ∂α∂β on
gA=1,2(Z) rather than the super derivatives, then the factor λcλd in the right hand side of
(3.22) or (3.25) disappears.
Now let us consider when the index A = 3 for gA(Z). In (3.13), one inserts the quadratic
spinors λaλb in front of N = 4 twistor field gA=3(Z) in the integrand which is homogeneous
of degree −1 and divide into those factors. Then the quantity λaλbgA=3(Z) is homogeneous
of degree 1 which is the same degree of N = 2 twistor field we introduced in section 2 and
the quantity dλ
cθA=3c
λaλb
is homogeneous of degree −1. The integral appearing in (3.13) makes
sense because the whole expression is homogeneous of degree zero. Finally, one can construct
the following N = 2 object, by acting one super derivative Dd,B=3 on the factor θA=3c and the
other super derivative Dd,D=4 on the gA=3(Z),
ǫ123DλaλbDdD gA=3(Z)
∣∣∣
θ3=θ4=0
= (λaλbλd)
[(
Tˆ0[AB=34] + Eˆ0(AB=34)
)
+ ψ
(
ηˆB=2− 1
2
+ ξˆ
[BC=23]
− 1
2
,A=3
)
+χ
(
ηˆB=1− 1
2
+ ξˆ
[BC=13]
− 1
2
,A=3
)
+ ψχ
(
eˆ−1 + Vˆ
B=3
−1,A=3
)]
.
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When we act two super derivatives on gA=3(Z) completely, due to the factor θ
A=3
c in front of
it, the contribution will be zero after we put θ3 = θ4 = 0. If one wants to compare this twistor
field with the spacetime field, one should insert the above result into the spinor integral given
in (3.13). According to the branching rule of 10 of SU(4)R into
10→ (2, 2)0 + (3, 1)2 + (1, 3)−2 (3.26)
under the SU(2)× SU(2)R × U(1)R, the twistor field Eˆ0(AB=34) describes one of the element
for the representation (3, 1)2 preserving U(1)R charge. From the breaking pattern (3.17),
Tˆ0[AB=34] which can be written as ǫ
12CDTˆ0[CD] = Tˆ
[12]
0 corresponds to the representation (1, 1)2.
So we combine these two terms as
ˆ˜
T 0[AB=34] because they share same helicity and SU(2)R
representation. Next term can be understood from (3.18) and the twistor field ηˆB=2
− 1
2
describes
one of the element for the representation (1, 2)1. Similarly, the twistor field ξˆ
[BC=23]
− 1
2
,A=3
represents
one of the element for (1, 2)1 from the branching rule (3.23). One can write
ˆ˜
T 0[AB=34] +
ψAˆ˜η− 1
2
,A + ψ
BψC ˆ˜e−1ǫBC in covariant way to which the massless states (0, 1), (−
1
2
, 2), (−1, 1)
given in section 2 correspond.
In addition to a chiral superfield WABab , there is also an anti chiral superfield W
a˙b˙
AB which
depends on both xˆaa˙(= xaa˙ + θaAθ
a˙
A) and θ
a˙
A. Then the relation between spacetime fields and
twistor fields can be written as
W
a˙b˙
12(xˆ, θ) = ǫ12ABD
A(a˙
D
b˙)B
∫
dλ
c˙
[
g˜c˙(Z) + xˆcc˙g˜
c(Z) + θc˙C g˜
C(Z)
] ∣∣∣
θ3=θ4=0
where the complex conjugate of ZI , ZI , is given by ZI = (λa˙, µa = xˆaa˙λ
a˙
, ψA = θ
a˙
Aλa˙) using
corresponding twistor equations. The dual fields g˜I(Z) appearing in the integrand of right
hand side have an explicit form, through Fourier-like transform, in terms of f I(Z) [5]. Fourier
transform maps the f I(Z) field to a dual field g˜I(Z). Inside of the integrand of this defining
equation, there is a factor eZ
KZK . When we differentiate g˜I(Z) with respect to ZI , the factor
ZI appears in the integrand, due to this exponential factor. Therefore, the action of two
superspace derivatives D
a˙A
’s on g˜I(Z) leads to the two product of ZI ’s in the integrand, in
general. Since this integral contains an integral over the fermionic coordinates, the nonzero
contribution will take place only if f I(Z) does not have these fermionic coordinates(in the
present case, θ3 or θ4) in θAa -expansion. In other words, we simply put the condition of
θ3 = θ4 = 0 on the f I(Z)’s in order to get N = 2 twistor fields from N = 4 field contents.
Using similar arguments to the analysis given in gI(Z), one obtains the N = 2 twistor
field f I(Z). From N = 4 twistor fields [5], one writes
λafa(Z)
∣∣∣
θ3=θ4=0
= eˆ′2 + ψηˆ
′
3
2
,A=1 + χηˆ
′
3
2
,A=2 + ψχTˆ
′[AB=34]
1 . (3.27)
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How one does understand this result? Let us concentrate on the first term of (3.27). One can
see this from Fourier-like transform. The nonzero contribution of fermionic integral will arise
from the exponential factor because the first term of (3.27) does not depend on the fermionic
coordinate ψA. Then the dependence on ψA of dual field g˜
a(Z) has a term like (ψ
4
) because
the integrals over ψA in Fourier-like transform pick up (ψ4) term. When we go back to the
expression of ga˙(Z) (3.15) and make a complex conjugation of it, then the Lorentz scalar
∂ag˜
a(Z) will have a term like (ψ
4
)eˆ′2. Therefore, one leads to the first term of (3.27). Other
terms can be described similarly. Once we identify the relation between f I(Z) and g˜I(Z)
explicitly, then the spacetime interpretation of f I(Z) (i.e., a precise relation between hatted
twistor fields and unhatted spacetime fields) can be read off from those for g˜I(Z) which is
related to gI(Z).
As we have seen in section 2, the massless state given by (2, 1) describes eˆ′2 which is a singlet
of SU(2)R and the states (
3
2
, 2) corresponds to both ηˆ
′
3
2
,A=1 and ηˆ
′
3
2
,A=2. The branching rule of
4 of SU(4)R (3.18) provides the representation (1, 2)−1 with U(1)R charge −1 which describes
ηˆ
′
3
2
,A. They are doublet 2 of SU(2)R and are combined into ψ
Aˆ˜η
′
3
2
,A. Next state characterized
by (1, 1) provides Tˆ
′[AB=34]
1 which is a singlet and of helicity 1. As we have discussed before,
from the branching rule 6 of SU(4)R (3.17), this corresponds to the representation (1, 1)−2.
In covariant way, one can write it as ψAψBTˆ
′[AB]
1 .
One can analyze also the scalar function µa˙fa˙(Z) where translation generators can be
diagonalized. From N = 4 result [5], one requires that other two fermionic coordinates θ3
and θ4 vanish. Then one gets
µa˙fa˙(Z)
∣∣∣
θ3=θ4=0
= eˆ2 + ψηˆ 3
2
,A=1 + χηˆ 3
2
,A=2 + ψχTˆ
[AB=34]
1 . (3.28)
This looks like (3.27) exactly except that the independent fields for given helicity are replaced
by other elements of ‘dipole’ fields. Let us consider the first term of (3.28). The nonzero
contribution of Fourier-like transform will arise from the exponential factor because the first
term of (3.28) does not depend on the fermionic coordinate ψA. Then the dependence on ψA
of dual field g˜a˙(Z) has a term like (ψ
4
). From the expression of ga(Z) (3.19), the Lorentz
scalar ∂a˙g˜a˙(Z) will have a term like (ψ
4
)eˆ2. Therefore, one leads to the first term of (3.28).
The exact identification in section 2 by following the analysis in previous paragraph can be
done. That is, the massless states (2, 1), (3
2
, 2), (1, 1) given in section 2 correspond to the
component twistor fields in (3.28).
For the vertex operator with fermionic index, one can compute the following quantity from
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N = 4 result [5]. That is,
fA=1(Z)
∣∣∣
θ3=θ4=0
= ηˆA=13
2
+ ψ(eˆ1 + Vˆ
B=1
1,A=1) + χVˆ
B=2
1,A=1 + ψχ(ξˆ
A=1
1
2
[BC=12] + ηˆ 1
2
,B=2). (3.29)
One can also understand each term above, through Fourier-like transform. By looking at the
(ψ4) term of gA=1(Z) (3.21) and taking a complex conjugation with opposite helicity, one
arrives at the first term of (3.29). Here a twistor field ξˆ
A=1
1
2
[BC=12] arises from the representation
(1, 2)−1, according to the branching rule of 20 of SU(4)R. See for example, (3.23). Note
that the twistor field ηˆ 1
2
,B=2 has same representation (1, 2)−1 from the branching rule of 4 of
SU(4)R. The analysis for 15 of SU(4)R representation (3.24) to the twistor field Vˆ
B=1
1,A=1 and
Vˆ B=21,A=1 holds here. The two terms in ψ and the two terms in ψχ in (3.29) can be written as
a single term ˆ˜V
B=1
1,A=1 and
ˆ˜
ξ
A=1
1
2
[BC=12] respectively because they have same helicity and SU(2)R
representation.
Let us compute also other component from N = 4 result
fA=2(Z)
∣∣∣
θ3=θ4=0
= ηˆA=23
2
+ ψVˆ B=11,A=2 + χ(eˆ1 + Vˆ
B=2
1,A=2) + ψχ(ξˆ
A=2
1
2
[BC=12] + ηˆ 1
2
,B=1). (3.30)
One can write the two results (3.29) and (3.30) in SU(2)R covariant way in order to compare
with the description given in section 2. That is, the N = 2 twistor field can be summarized by
fA(Z) = ηˆA3
2
+ψB ˆ˜V
B
1,A+ψ
BψC
ˆ˜
ξ
A
1
2
ǫBC . Each massless state coincides with (
3
2
, 2), (1, 3⊕1), (1
2
, 2)
respectively given in section 2. The helicities are encoded in the subscript of twistor fields
and SU(2)R representation can be read off easily.
Let us move on the final case. One can multiply λaλb in the integrand of Fourier-like
transform and divide λaλb. The expression
fA=3(Z)
λaλb
is homogeneous of degree −1 which is the
same degree for N = 2 twistor field. Then one can compute the following N = 2 object
which has a super derivative Da,A=3, compared with a twistor field gA=3(Z) on which a super
derivative Da,A=4 acts,
ǫ12D4
1
λaλb
DaDf
A=3(Z)
∣∣∣
θ3=θ4=0
=
1
λb
[
(eˆ1 + Vˆ
B=3
1,A=3) + ψ(ηˆ 1
2
,B=1 + ξˆ
A=3
1
2
[BC=13])
+χ(ηˆ 1
2
,B=2 + ξˆ
A=3
1
2
[BC=23]) + ψχ(Eˆ
(AB=34)
0 + Tˆ
[AB=34]
0 )
]
.
Note that when we take the differentiation on g˜I=3(Z) with respect to θ4 or ψA=4, then a
factor θ4 appears in the integrand of defining equation, due to the exponential factor. Then
the fermionic integration over ψA acts on θ4eZ
KZKf I=3(Z) in the integrand. Therefore, the
nonzero contribution of this integral occurs when the fermionic integration over ψA=3 (which
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is equivalent to the differentiation Da,D=3) acts on the function f
A=3(Z), as above. Moreover,
the nonzero contribution in the integrand has a term ψχψχ. By computing the integration
over ψA, the resulting expression has a coefficient of ψχ. Therefore, the fermionic independent
term of above equation eˆ1 + Vˆ
B=3
1,A=3 can be obtained from the ψ
A-expansion of gA=3(Z) (3.21)
with opposite helicity: the term which has a factor ψχβ.
The twistor field Eˆ
0(AB=34)
describes the representation (3, 1)−2 in the breaking pattern
of 10 of SU(4)R which can be read off from (3.26). By redefining the two terms in ψ which
have common SU(2)R represenation and U(1)R charge due to the analysis of (3.29) and
the two terms in χ which have the same quantum number also, (1, 2)−1, one can write
this as follows: ˆ˜η 1
2
,B=1 and
ˆ˜η 1
2
,B=2. Similar redefinition for the last term can be applied
also by similar description given in gA=3(Z) above. Then, we obtain the simplified form
ˆ˜e1 + ψ
Aˆ˜η 1
2
,A + ψAψB
ˆ˜
T
[AB]
0 which is coincident with the massless states (1, 1), (
1
2
, 2), (0, 1)
given in section 2.
4 Concluding remarks
In this paper, a chiral superfield strength in N = 2 conformal supergravity at linearized
level was obtained by acting two superspace derivatives on N = 4 chiral superfield strength.
By decomposing SU(4)R representation of N = 4 twistor superfields into the SU(2)R repre-
sentation of N = 2 twistor superfields with an invariant U(1)R charge, the physical states of
N = 2 conformal supergravity can be read off from the surviving N = 2 twistor superfields.
These N = 2 twistor superfields are functions of homogeneous coordinates of WCP3|4.
We will describe two relevant subjects, the construction of N = 3 conformal supergravity
in twistor-string theory and a mirror symmetry of Calabi-Yau supermanifold WCP3|4, in the
remaining section.
Let us first make some comments on N = 3 conformal supergravity. One can apply our
analysis given in previous sections to N = 3 conformal supergravity. The N = 3 chiral
superfield strength [6, 7, 8] can be constructed from N = 4 one similarly and it is given by
WABCa (x, θ) = ǫ
ABCWa(x, θ) = ǫ
ABCDDaDW
N=4(x, θ)
∣∣∣
θ4=0
explicitly. Then we expect to have the following θ-expansion: W123a (x, θ) = Λ4a + · · · +
(θ)6∂µ∂µ∂aa˙Λ
4a˙
. The N = 3 Weyl multiplet is a Lorentz spinor with Λ4a as its lowest θ
component Λ4a. This can be done by computing the above relation, as we have done for
N = 2 conformal supergravity. The field contents have extra spinor field ΛaA and complex
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scalar E(AB) as well as N = 2 field contents with different multiplicities we have discussed
so far. The constraint equation for N = 3 conformal supergravity can be read off from the
N = 4 relation (3.2). That is,
ǫABCDDaD
b
ED
a
AWb = ǫDEFD
Ba˙
D
C
b˙ D
F
a˙W
b˙
.
Since the square of the Weyl multiplet, contracted over all indices, is a chiral scalar
multiplet with Weyl weight w = 1. The highest component, a Lorentz scalar has Weyl weight
w = 4. The action at the linearized level is given by
S =
∫
d4x
∫
d6θ W2, W2 = ǫABCǫDEFW
aABCWDEFa .
By computing the θ-integrals, the bosonic action is obtained. The extra piece consists of
Λa∂
µ∂µ∂
aa˙Λa˙ and EA∂µ∂
µE
A
. Then the physical spectrum of conformal supergravity for
these extra piece can be obtained by solving the equations of motion. As in N = 4 conformal
supergravity, a spinor field Λa has a helicity −1/2,−1/2, 1/2 while complex scalar field EA
has zero helicity.
Using SU(3)R-invariant epsilon tensor ǫ
ABC , one can write N = 3 conformal supergravity
field contents [8] from the field contents of N = 4 conformal supergravity as follows:
ǫABCDΛD = ǫ
ABCΛ, ǫABCDEDE = ǫ
ABCEE , ǫ
ABCT(ab)C , ǫ
ABDξaCD,
ηAaµ , V
B
µA, Aµ, ǫ
ABCǫDEFd
F
C , e
aa˙
µ , η
a˙
µA, ǫABDξ
a˙CD
,
ǫABCT
C
(a˙b˙), ǫABCEE
DE
= ǫABCE
D
, ǫABCDΛ
D
= ǫABCΛ
where the N = 4 fields ΛABC ≡ ǫABCDΛD and EABCE ≡ ǫ
ABCDEDE are written as in dual
form which will make the truncation of N = 4 conformal supergravity more clear. Under the
breakings of SU(4)R representations of N = 4 theory into SU(3)R × U(1)R,
4→ 3−1 + 13, 10→ 16 + 32 + 6−2, 6→ 3−2 + 32
the above N = 3 conformal supergravity Λ, EE , T(ab)C describe 13, 32, 32 by realizing the
correct U(1)R charge respectively
13. A zero total number of on-shell degree of freedom can
13Similarly, for the conjugated representations Λ, E
D
, T
C
(a˙b˙), one can identify 1−3,3−2,3−2 with them re-
spectively. For the breaking patterns 20 → 31 + 35 + 61 + 8−3, 4 → 31 + 1−3, 15 → 10 + 34 + 3−4 + 80
the above conformal supergravity fields ξaCD, η
Aa
µ , V
B
µA, Aµ correspond to 31 + 61,31,80,10 respectively. For
ηa˙µA and ξ
aCD
, one identifies them with 3−1 and 3−1 + 6−1 respectively. Finally, under the breaking pattern
20
′ → 64 + 6−4 + 80, the field dFC describes a representation 80.
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be checked 14 by multiplying each degree of freedom by the number of each type of the field
in the spectrum νtotal = +48− 48 = 0.
The structure of the off-shell multiplets of N = 3 conformal supergravity is in correspon-
dence with the structure of the on-shell massive supermultiplet of extended supersymmetry
[7]. This can be done by establishing a correspondence between the states of each particular
spin. The massive supermultiplets are described by an antisymmetric tensor representation
of Sp(6) and by decomposing these representations into the SU(3)R subgroup, the number
of states for given spins are determined. For example, the number of spin 1 states can be
described by 15 → 1 + 8 + 3 + 3 under Sp(6) → SU(3)R. This is in agreement with the
spectrum of conformal supergravity: 1 U(1) and 8 SU(3)R vectors and 3 antiself-dual and 3
self-dual antisymmetric tensors.
For N = 3 conformal supergravity, at least there should be present three fermionic coordi-
nates of weight 1 which will play a role for three fermionic coordinates in N = 3 superspace.
Then the only possible Calabi-Yau supermanifold for four dimensional fermionic submanifold
is nothing but CP3|4. The action of N = 3 superconformal algebra SU(2, 2|3) on the homoge-
neous coordinates (λa, µa˙, ψ, χ, α) of CP3|4 can be generated by 7× 7 supertraceless matrices
where the trace of 4 × 4 upper-left corner is equal to the trace of 3 × 3 lower-right corner.
By checking the breaking patterns SU(4)R → SU(3)R × U(1)R, and reading off the correct
U(1)R charge, one gets the full spectrum of massless fields. Similar but different symmetry
breaking pattern SU(4)R → SU(3)× U(1)R preserving only N = 1 supersymmetry appears
in the context of marginal deformations of N = 4 super Yang-Mills theory from open/closed
twistor-string theory [17].
The helicity states by the N = 3 twistor fields f I(Z) can be summarized as follows:
λafa : (2, 1), (
3
2
, 3), (1, 3), (
1
2
, 1),
µa˙fa˙ : (2, 1), (
3
2
, 3), (1, 3), (
1
2
, 1),
fA=1,2,3 : (
3
2
, 3), (1, 8⊕ 1), (
1
2
, 3+ 6), (0, 3),
∂βf
A=4 : (1, 1), (
1
2
, 3), (0, 3), (−
1
2
, 1).
In the last column elements which do not exist in N = 2 conformal supergravity we have
discussed so far, one can see the presence of twistor spinor fields Λˆ
′A=4
1
2
, Λˆ
A=4
1
2
, three complex
14For the extra fields, it is known that the number of on-shell degrees of freedom is given by ν(EE) =
ν(E
D
) = 1 and ν(Λ) = ν(Λ) = −3 [8] which can be seen also from the helicity counting above.
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scalars Eˆ
(A,B=4)
0 , and other kind of spinor field Λˆ
A=4
− 1
2
for the appropriate helicity and SU(3)R
representation. Each row has bosonic degree of freedom 4 and fermionic degree of freedom
−4. There exists six columns. Therefore, there are 24 bosonic and −24 bosonic degrees of
freedom. It is rather straightforward to determine twistor fields from N = 4 ones explicitly
15.
Similarly, the helicity states by the N = 3 twistor fields gI(Z) can be summarized by
∂β ∂ag
a : (−
1
2
, 1), (−1, 3), (−
3
2
, 3), (−2, 1),
∂β ∂a˙g
a˙ : (−
1
2
, 1), (−1, 3), (−
3
2
, 3), (−2, 1),
∂β gA=1,2,3 : (0, 3), (−
1
2
, 3+ 6), (−1, 8⊕ 1), (−
3
2
, 3),
gA=4 : (
1
2
, 1), (0, 3), (−
1
2
, 3), (−1, 1).
It is evident from the corresponding (3.13) with a single D4a that by chain rule one can
calculate the objects acting on gb(Z), g
b˙(Z), and θAb gA(Z). When we compute the last one,
there is no contribution from θA=4b D4a gA=4(Z) because at the final expression we put θ
4 = 0.
This is the reason why there is a super derivative acting on gA=1,2,3(Z) except gA=4(Z) above
helicity states. In this case, the twistor spinor fields Λˆ− 1
2
,A=4, Λˆ
′
− 1
2
,A=4
, three complex scalars
Eˆ(0,A,B=4), and other kind of spinor field Λˆ
A=4
1
2
,A=4
for the appropriate helicity and SU(3)R
representation appear in the first columns.
There are also 24 bosonic and −24 fermionic degrees of freedom. A zero total number of
on-shell(dynamical) degree of freedom is given by 48 bosonic and −48 fermionic degrees of
freedom, by counting each bosonic and fermionic degree of freedom in the full spectrum.
We will consider the second subject. The weighted projective superspace WCP3|4 has an
extension of a linear sigma model description in terms of four bosonic homogeneous coordi-
nates of weight 1 and four fermionic homogeneous coordinates of weights 1, 1, −1, and 3,
respectively. The geometry of the linear sigma model with a given complexified Kahler class
15For example, let us compute λafa(Z)
∣∣∣
θ4=0
. By putting the condition of θ4 = 0 into the N = 4 expression
λafa(Z), one gets eˆ
′
2 + ψ
Aηˆ
′
3
2
,A + ψ
AψBǫABC Tˆ
[C,4]
1 + ψ
AψBψCǫABCΛ
′D=4
1
2
where ψA transforms as 3 under
the SU(3)R. That is, ψ
1 = ψ, ψ2 = χ, ψ3 = α. Let us concentrate on the first term. One can see this
from Fourier-like transform. The nonzero contribution of fermionic integral will arise from the exponential
factor. Then the dependence on ψA of dual field g˜
a(Z) has a term like (ψ
4
)eˆ′2 because the integrals over ψ
A in
Fourier-like transform pick up (ψ4) term. What about the top component? That comes from the component
field with a term like (ψA=4) in dual field g˜
a(Z) because the fermionic integral gives a nonzero result for a
quartic term in ψA. Three of them arises from fa(Z) above and one of them from the exponential factor.
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parameter can be analyzed by solving the D-term constraint. The super Landau Ginzburg
B-model mirror of this Calabi-Yau supermanifold is given by the path integral for the holo-
morphic sector
∫ 4∏
I=1
dYI
4∏
J=1
dXJdηJdχJδ
(
4∑
I=1
YI −X1 −X2 +X3 − 3X4 − t
)
× exp
[
4∑
I=1
e−YI +
4∑
J=1
e−XJ (1 + ηJχJ)
]
.
The super Landau Ginzburg model has 7 bosonic(1 degree of freedom is removed by delta
function constraint) and 8 fermionic degrees of freedom. The mirror manifold has the same
super dimension 7− 8 = −1 as the original one 3− 4 = −1 by mirror symmetry.
With the same spirit of [18, 19], it would be interesting to take A-model onWCP3|4 which
is mapped to B-model on the same space by S-duality and study the B-model mirror of the
topological A-model on WCP3|4. It would be also interesting to see where they lead to some
hypersurface equation satisfied by mirror Calabi-Yau supermanifold and its mirror geometry.
Recently, the topological B-model on fattened complex manifolds [12], which are an ex-
tensions of ordinary manifolds with additional dimensions by even nilpotent coordinates, has
been studied. It would be interesting to see this kind of exotic supermanifolds corresponding
to WCP3|4. A map between a Kahler spacetime foam in conformal supergravity and twistor
space carrying D1 brane charge was found [20]. It is also interesting to see how this mapping
arises in our construction. As an open subset of the weighted projective space, the so-called
enhanced super twistor space [21] has been found in the construction of extended self-dual
super Yang-Mills hierarchies. It is also interesting to see how they appear in N ≤ 4 conformal
supergravity sector.
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